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Neutrino astrophysics promises a wealth of information about neutrinos and the history 
of the universe through which they have traveled. In this letter, we extend the standard 
neutrino oscillation discussion to neutrinos propagating through expanding curved space. 
This extension introduces a new cosmological parameter in the oscillation phase. The 
new parameter I records cosmic history in much the same manner as the redshift variable 
z or the apparent luminosity distance DL. Measuring I through neutrino oscillations may 
help to determine cosmological parameters and distinguish between different cosmologies. 
With the advent of neutrino telescopes being constructed around the world, the 
field of neutrino astrophysics promises unequaled amounts of neutrino data in the 
coming years. Cosmologically distant sources of neutrinos such as Active Galactic 
Nuclei (AGNs)l and possibly Gamma-Ray Bursters (GRBS)2 could provide the 
ultimate long-baseline neutrino experiment. Neutrino oscillations over a cosmic 
baseline carry an imprint of the universe's history, so neutrino astrophysics offers 
an entirely new window to cosmology. 
Neutrino oscillations will occur if neutrino states of definite flavor, Va, are not 
states of definite mass, Vi, A neutrino created at time and position (0,0) vdth a 
flavor 0: will be a superposition of all mass states: 
n 
Iv(O, 0)) = IVa) 2: VaiIVi). (1) 
£=1 
Because the propagation of a neutrino depends on its mass, states of different masses 
will have different energies and momenta and travel at different speeds. The super­
position of mass states, and the flavor of the neutrino, will therefore change as the 
neutrino propagates through space and time. In two generations, the probability 
that the neutrino has become a different flavor f3 at a time and position (t, x) is3 
(2) 
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where 
(3) 
is the usual kinematic phase of the ith mass state in a static flat-space metric, and 
e is the mixing angle between the two neutrino states Va. and V/3. 
The relative phase, ¢l - ¢2, contains all of the neutrino's kinematic information. 
The traditional treatment of neutrino oscillations sets PI = P2 = P, so the relative 
phase in static flat space becomes 
(4) 

with 6m2 == mf-m~. The probability in Eq. (2) thus oscillates in time, with a period 
of 4rrp/6m2 in static flat space. In this letter, we present the correct expression for 
the relative phase in expanding curved space and examine its significance. 
The momentlllll of a neutrino traveling through curved space redshifts and so 
is a function of time. The relative phase is therefore given by an integral over the 
redshift z: 
(5) 
The subscript "e" refers to the emission of the neutrino, and the subscript "0" refers 
to the present. HOI = 3000h-1 Mpc is the Hubble time or length, h rv 0(1) is the 
Hubble parameter in units of 100 km/s/Mpc, and 
t e Hzdt dz • dw 11 (6)I(ze) = Ho}o dz1+z=Ho I w2 H(w) 
may be thought of as the fraction of the Hubble time Hal available for neutrino 
transit and oscillation. H(w) is the Hubble parameter at cosmic redshift z = w-l. 
Comparing Eqs. (4) and (5), we see that the correct generalization of the oscil­
lation probability from Minkowski space to an expanding cosmology is obtained 
by replacing the neutrino's transit time with the expansion-weighted time HaIr. 
We have also derived this general-relativistically correct expression for the relative 
phase in two other ways: integrating the covariant action along the geodesic of the 
Robertson-Walker metric, and solving the equation of motion of a scalar field for 
the phase in curved space-time. Both re-derivations agree with the simple result 
(5) to the order of interest, 6m2/p2.4 
Equation (6) implies a bound of HalI(ze = 00) for the maximlllll "distance" 
available for neutrino oscillations in our universe. We will show below that a signif­
icant fraction of this ultimate baseline is already encountered by neutrinos emitted 
by objects at redshifts of 1 or 2, just the redshifts attributed to GRBs and distant 
AGNs. 
The relative phase in Eq. (5) is no longer linear in time, so the oscillation is no 
longer uniform. Oscillation periods are given by the differences between two zeros 
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of the oscillatory term. Setting 
(7) 

yields the locations Zn of the nodes of the oscillation. Since the location of the 
nodes is energy-dependent, the Earth sits at an oscillation node for some particular 
energy. At that energy we will observe the neutrino flavors in just the ratios with 
which they were produced at the cosmic source. 
The factor I presents us with a new cosmological variable. It records cosmic 
history in much the same manner as the redshift variable z, or the apparent lumi­
nosity distance DL • For small z, we may make a Taylor expansion of Eq. (6) around 
Z= 0: 
I (z) = Z - -1 (3 + qo) Z 2 + ... (8)
2 
and 
(9) 

where qo is the standard deceleration parameter, describing the slowing of expan­
sion. Similar expressions may be found for the luminosity distance DL in terms 
of Z or I. To first order, the variables z, I, and DL are linearly related; to first 
nonlinear order, the relations among the three variables are determined completely 
by qo, a currently unmeasured quantity. The value of qo is actively being sought 
with automated telescopes using Type 1A supernovae as standard candles. 
StUdying cosmology by measuring neutrino flavor ratios has one tremendous 
advantage over other methods, since flavor ratios should be independent of any 
evolutionary effects in the ensemble of sources. Deviations from the linear Hubble 
law inferred through the use of distant candle luminosities may exhibit evolutionary 
effects. Initial neutrino flavor ratios, however, are fixed by microphysics and should 
not change with cosmic history, even if the absolute neutrino luminosities evolve. 
Oscillation measurements with AGN or GRB neutrinos may therefore shed some 
"neutrino light" on the important parameter qo. 
For Z 2: 0.5, the oscillation phase is sensitive to the cosmological model. Assum­
ing a standard hot big-bang Friedmann cosmology, 
(10) 
and 
(11) 
rlr/m are the present radiation and matter densities in units of the critical density. 
rlk (RoHo)-2 is the curvature term, with k = 1,0, -1 for a closed, flat, or open 
universe, and nA = A/(3H3) is the scaled cosmological constant. Our universe is not 
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radiation-dominated, so we may neglect the f2r term. Inflation favors cosmologies 
for which k = OJ we will here consider only these zero-curvature possibilities. 
In a Friedmann cosmology with zero curvature and radiation, 
(12) 
with f2m +f2A = 1. The special case with zero cosmological constant is easily solved 
analytically: 
(13) 

In this case, I asymptotically approaches ~HO'l as Z increases. For neutrinos emit­
ted from an object with redshift of z = 1, I is already 0.33HO'l, or 83% of its 
asymptotic value. 
Examples of I(ze) versus Ze for different values of f2m and f2A = 1 - f2m are 
shown in Fig. 1. This figure demonstrates the asymptotic behavior of I for all 
values of f2m and illustrates that I has already attained a s~gnificant fraction of its 
asymptotic value at redshifts attributed to GRBs and distant AGNs, Z ~ 1. 
0.60 n,. =0,2 
o.so 0.4 
0.6 
0.40 
..... 
0.30 
0.l!0 
0.10 
0.00 
0.• 1.<) 2.0 3.0 4.0 5.0 
Ze 
Fig. 1. Z as a function of Ze for different zero-curvature cosmologies. The cosmological constant 
may be found from nA = 1 - flm. 
The asymptotic behavior at the redshifts typical of GRBs and AGNs has an 
important implication for neutrino physics: since the value of I in the oscillation 
phase is a known fraction of HO' 1 for a given cosmology, the uncertainty in I is 
dominated by the uncertainty in Ho, which is less than a factor of two and certain 
to decrease in the near future. Thus, a deduction of the oscillation phase and 
neutrino energy may permit a determination of om2 ,s to better than a factor of 
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two! This cosmic baseline oscillation measurement is the only way to probe the tiny 
bm2 ,s predicted by some particle physics models. 
Comparing an exact cosmological solution for z, X, or DL to the appropriate 
Taylor series approximation relates each term in the series to more fundamental 
quantities. The simplest relation is between the parameter qo and the parameters 
Om and OA in the Friedmann equation: qo = Om/2 - 0A. Thus, a neutrino oscilla­
tion determination of qo would establish a fundamental constraint between the two 
parameters of the Friedmann universe. 
Neutrino oscillations promise a new avenue to explore the universe. Just as 
measuring a photon energy can yield the redshift of the source, measuring the 
flavor ratios and energies of neutrinos at the earth may yield the quantity X. The 
former is possible if the energy of the photon at the source is known; for the latter 
to work, the flavor ratio at emission and other mixing parameters must be known. 
Neutrino oscillation measurements are possible at proposed neutrino telescopes.5 
These measurements, combined with independent measurements of z or DL will 
potentially produce a strong constraint on the cosmological model and determine 
both 15m2 and qo. 
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